Abstract: Magnetohydrodynamics (MHD) deals with the analysis of electrically conducting fluids. The study of nanofluids by considering the influence of MHD phenomena is a topic of great interest from an industrial and technological point of view. Thus, the modified MHD mixed convective, nonlinear, radiative and dissipative problem was modelled over an arc-shaped geometry for Al 2 O 3 + H 2 O nanofluid at 310 K and the freezing temperature of 273.15 K. Firstly, the model was reduced into a coupled set of ordinary differential equations using similarity transformations. The impact of the freezing temperature and the molecular diameter were incorporated in the energy equation. Then, the Runge-Kutta scheme, along with the shooting technique, was adopted for the mathematical computations and code was written in Mathematica 10.0. Further, a comprehensive discussion of the flow characteristics is provided. The results for the dynamic viscosity, heat capacity and effective density of the nanoparticles were examined for various nanoparticle diameters and volume fractions.
Introduction
The liquids regularly used in heat transfer applications, such as water, propylene glycol, ethylene glycol, kerosene oil, engine oil and transformer oil, are extensively used in industry and in thermal power plants. Due to their reduced thermal conductivity, these liquids do not have effective heat transfer characteristics. However, for a great deal of industrial production, remarkable amounts of heat are required. The thermal conductivity of the solid materials, such as different metals and oxides, is very high in comparison with regular liquids. Thus, scientists and engineers hypothesized that the heat
Model Formulation
We considered the laminar time independent and the incompressible flow of the Al 2 O 3 + H 2 O nanofluid by taking into account the influence of a nonlinear, radiative heat flux and the imposed variable magnetic field over an arc geometry situated in the curvilinear frame r and s. Further, the r-axis was perpendicular, and the arc was placed in the direction of s. The velocity and magnetic field were functions of s and mathematically described as below: , It was assumed that the induced magnetic field was inconsequential, and therefore was not taken into consideration. The temperatures at the arched and the free surface wereT w andT ∞ , respectively. The value of m > 1 represented the flow over an arc shaped, which was nonlinearly stretched. m = 1 was for the flow of a linearly stretching geometry. Figure 1 presents the flow description in a curvilinear frame. The flow chart of the study presented in Figure 2 . It was assumed that the induced magnetic field was inconsequential, and therefore was not taken into consideration. The temperatures at the arched and the free surface were and , respectively. The value of > 1 represented the flow over an arc shaped, which was nonlinearly stretched. m = 1 was for the flow of a linearly stretching geometry. Figure 1 presents the flow description in a curvilinear frame. The flow chart of the study presented in Figure 2 . It was assumed that the induced magnetic field was inconsequential, and therefore was not taken into consideration. The temperatures at the arched and the free surface were and , respectively. The value of > 1 represented the flow over an arc shaped, which was nonlinearly stretched. m = 1 was for the flow of a linearly stretching geometry. Figure 1 presents the flow description in a curvilinear frame. The flow chart of the study presented in Figure 2 . The Al 2 O 3 + H 2 O nanofluid flow, incorporating the phenomena of Lorentz forces, viscous dissipation and nonlinear radiative heat flux, is described by the following system [21] : 
with boundary conditions at the curve and far from the curve of:
At r → ∞ :
The expression for nonlinear radiative heat flux is described as:
Equations (1)-(4) are the conservation of mass, momentum and energy, respectively. Further, the Stefan-Boltzmann law and adsorption coefficient areσ andk , respectively. To enhance the thermal and physical characteristics of the model, the following effective models for thermophysical characteristics were used [23] : In Equation (11), Re b shows the Reynolds number due to Brownian motion, and is described in the following pattern:
In Equation (14) , the velocity of Brownian motion is calculated by the formula:
Here, k b is the Stefan-Boltzmann coefficient and its value is 1.380648 × 10 −23 (JK −1 ). d p represents the molecular diameter which is calculated by the expression [24] :
The molecular weight of the regular liquid and Avogadro number are denoted by M * and N * , respectively. Further, the value of d f is calculated as: Table 1 shows the data for thermal conductivity, effective density, thermal expansion coefficient, and effective dynamic viscosity [23] : Table 1 . Thermal and physical characteristics of the fluid phase and nanoparticles at T = 310 K [23] . The similarity transformations are described in the following set of equations [21] :
To analyze the phenomena of nonlinear radiative heat flux, the following expression was used:
The ratio of wall and free surface temperature was denoted by β w . The following model was attained after incorporating the similarity transformations and partial derivatives in Equations (1)-(4):
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In Equations (20) and (21), L and N are the functions of η. After solving, L and N provide the velocity and temperature distributions, respectively.
At η → ∞ :
Dimensionless quantities were described by the following formulas:
. (24) Moreover, the dimensional formula for skin friction and local Nusselt number were defined as:
where,
Drawing the values from Equation (26) into Equation (25) , the following dimensionless formulas were obtained:
Nu s (R e s)
Mathematical Analysis
Highly nonlinear and coupled systems of differential equations usually possess no closed-form solution. Our flow model for Al 2 O 3 + H 2 O is a highly nonlinear fourth-order model defined at a semi-infinite domain. Therefore, the model was tackled numerically using the Runge-Kutta scheme [13, 16, 25] , as the RK scheme is used for the first order initial value problem (IVP). First the following substitutions were made and the model was reduced into first order IVP.
After the successful transformation into the first order IVP, Mathematica 10.0 was used and the system was solved successfully.
Graphical Results and Discussion
This section emphasizes the flow and thermophysical characteristics of the fluid phase and the nanoparticles of Al 2 O 3 . The values for the thermophysical characteristics were calculated at 310 K [23] . The results for the shear stress and heat transfer rate are elaborated using bar charts and are discussed comprehensively.
Velocity and Temperature Distribution
Magnetic field phenomena are of a great significance from an industrial point of view. Many industrial productions contain impurities that need to be removed. However, the magnetic parameter opposes the fluid motion, and the impurities remain at the bottom and the nanofluid velocity drops. The influence of Lorentz forces on the velocity distribution of Al 2 O 3 + H 2 O nanofluids is elaborated in Figure 3a . It was shown that the applied magnetic field opposed the nanofluid motion, and the velocity of the Al 2 O 3 + H 2 O nanofluid dropped. The velocity declined more slowly for a weaker magnetic field, and a rapid decrement in the nanofluid velocity was observed for a stronger magnetic field. Near the arched surface, variations in the velocity (L (η)) were almost negligible. This behavior of the velocity distribution was due to the friction between the surface and the nanolayer of Al 2 O 3 + H 2 O. In the successive nanolayers, the velocity field was altered significantly. These influences became negligible far from the curve and showed an asymptotic pattern of velocity distribution at the free surface. Figure 3b shows the velocity distribution of the parameter m. The velocity of the Al 2 O 3 + H 2 O nanofluid dropped rapidly for m in comparison with M. As the values for parameter m became larger, the velocity decreased promptly. The effects of surface curvature on the velocity ( ′( )) are elucidated in Figure 4a . Altering the surface curvature caused the velocity to increase. For a smaller curvature, the velocity increased slowly and then vanished asymptotically far away from the surface. Similar behavior of the velocity of the Al2O3 + H2O nanofluid is depicted in Figure 4b . For , a prominent behavior of the velocity was noticed in 0.5 ≤ ≤ 1.5. Besides this, the velocity ( ′( )) was almost inconsequential.
The temperature distribution ( ( )) for the radiation parameter ( ) and Eckert number is highlighted in Figure 5a ,b, respectively. In Figure 5a , we can see rapid drops in the temperature that were investigated by altering the radiation parameter ( ). The temperature ( ( )) dropped rapidly for a stronger radiation parameter, however at the free surface this was almost negligible and vanished asymptotically. The Eckert number, which appeared due to viscous dissipation, played a vibrant role in the heat transfer enhancement. These effects are elucidated in Figure 5b . It was obvious that the temperature of Al2O3 + H2O nanofluid grew for the more dissipative nanofluid. For the larger Ec, the temperature distribution rose rapidly. (a) (b) Figure 4 . Impacts of (a) K and (b) on the velocity distribution ( ′( )). The effects of surface curvature on the velocity (L (η)) are elucidated in Figure 4a . Altering the surface curvature caused the velocity to increase. For a smaller curvature, the velocity increased slowly and then vanished asymptotically far away from the surface. Similar behavior of the velocity of the Al 2 O 3 + H 2 O nanofluid is depicted in Figure 4b . For α, a prominent behavior of the velocity was noticed in 0.5 ≤ η ≤ 1.5. Besides this, the velocity (L (η)) was almost inconsequential.
The temperature distribution (N(η)) for the radiation parameter (Rd) and Eckert number is highlighted in Figure 5a ,b, respectively. In Figure 5a , we can see rapid drops in the temperature that were investigated by altering the radiation parameter (Rd). The temperature (N(η)) dropped rapidly for a stronger radiation parameter, however at the free surface this was almost negligible and vanished asymptotically. The Eckert number, which appeared due to viscous dissipation, played a vibrant role in the heat transfer enhancement. These effects are elucidated in Figure 5b . It was obvious that the temperature of Al 2 O 3 + H 2 O nanofluid grew for the more dissipative nanofluid. For the larger Ec, the temperature distribution rose rapidly.
(a) (b) Figure 3 . Impacts of (a) and (b) m on the velocity distribution ( ′( )).
(a) (b) Figure 4 . Impacts of (a) K and (b) on the velocity distribution ( ′( )). 
Streamlines and Isotherms
This subsection is devoted to analyzing the behavior of the streamlines and isotherm patterns by altering different pertinent flow parameters. Figure 6 presents the streamline pattern by a varying magnetic parameter (M). For a smaller magnetic parameter, the streamlines were more curved near the surface and for a stronger M, the streamlines assumed a less curved shape. At the free stream, these streamlines became straight, since, as already mentioned for the parameter > 1, it showed that it was a nonlinear stretching curved surface. The streamline pattern versus m is elaborated in Figure 7 . It was noticed that by decreasing the parameter m, the streamlines assumed a more curved pattern. The curvature parameter showed a fascinating pattern for the streamlines, in comparison with M and m. These alterations are illustrated in Figure 8 . Figure 9 depicts the flow pattern for varying . For a higher , the streamlines shrank and became almost straight at the top. Figure 10 elaborates the isotherm pattern for the radiation parameter (Rd). When there was more radiative nanofluid, the isotherms increased, and vice versa. Further, a 3D scenario of the isotherms is depicted in Figure 11 . 
This subsection is devoted to analyzing the behavior of the streamlines and isotherm patterns by altering different pertinent flow parameters. Figure 6 presents the streamline pattern by a varying magnetic parameter (M). For a smaller magnetic parameter, the streamlines were more curved near the surface and for a stronger M, the streamlines assumed a less curved shape. At the free stream, these streamlines became straight, since, as already mentioned for the parameter m > 1, it showed that it was a nonlinear stretching curved surface. The streamline pattern versus m is elaborated in Figure 7 . It was noticed that by decreasing the parameter m, the streamlines assumed a more curved pattern. The curvature parameter showed a fascinating pattern for the streamlines, in comparison with M and m. These alterations are illustrated in Figure 8 . Figure 9 depicts the flow pattern for varying α. For a higher α, the streamlines shrank and became almost straight at the top. Figure 10 elaborates the isotherm pattern for the radiation parameter (Rd). When there was more radiative nanofluid, the isotherms increased, and vice versa. Further, a 3D scenario of the isotherms is depicted in Figure 11 . pattern. The curvature parameter showed a fascinating pattern for the streamlines, in comparison with M and m. These alterations are illustrated in Figure 8 . Figure 9 depicts the flow pattern for varying . For a higher , the streamlines shrank and became almost straight at the top. Figure 10 elaborates the isotherm pattern for the radiation parameter (Rd). When there was more radiative nanofluid, the isotherms increased, and vice versa. Further, a 3D scenario of the isotherms is depicted in Figure 11 . (a) (b) Figure 11 . 3D scenario of Figure 10 ; (a) Rd = 6 and (b) Rd = 2.
Thermophysical Characteristics
This subsection describes the impacts of the volume fraction factor ( ) on the effective characteristics of the nanofluids, and the behavior of the shear stress and local heat transfer rate by varying embedded flow parameters. Figure 12 describes the effects of the volume fraction ( ,) and diameter of the nanoparticles on the effective dynamic viscosity of Al2O3 + H2O. The volume fraction of Al2O3 showed a vibrant role in enhancing the dynamic viscosity of the nanofluid. The observed high dynamic viscosity corresponded to a greater volume fraction. On the other hand, the nanoparticle diameter ( ) induced inverse variations in the dynamic viscosity. Increasing the diameter of the nanoparticles caused the dynamic viscosity to drop. This means that nanoparticles with a smaller diameter are important to enhance the dynamic viscosity of nanofluids. Figure 13 highlights the effective density ( ) and heat capacity ( ) of the nanofluid versus . and were in direct proportion to each other, and the effective heat capacity (a) (b) Figure 11 . 3D scenario of Figure 10 ; (a) Rd = 6 and (b) Rd = 2.
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This subsection describes the impacts of the volume fraction factor (φ) on the effective characteristics of the nanofluids, and the behavior of the shear stress and local heat transfer rate by varying embedded flow parameters. Figure 13 highlights the effective density (ρ n f ) and heat capacity ( ρc p n f ) of the nanofluid versus φ. φ and ρ n f were in direct proportion to each other, and the effective heat capacity dropped when φ increased. Therefore, smaller values of φ enhanced the effective heat capacity. Due to the high volume fraction, the colloidal suspension Al 2 O 3 + H 2 O became denser, which enhanced the effective density (ρ n f ). Figure 14 highlights that the volume fraction (φ) and the effective electrical conductivity were in inverse proportion to each other. 
Skin Fraction and Heat Transfer Rate
The shear stress and the local rate of heat transfer are very interesting and have attained great significance from an industrial point of view. The radiation parameter, Eckert number, and the curvature parameter all play a significant role in the shear stress and local Nusselt number. Figure 15 describes the heat transfer behavior for Rd, Ec, K and the volume fraction of the nanoparticles. It was noted that the more radiative nanofluids favored the heat transfer. On the other hand, a smaller amount of the heat transfer was noticed for a higher Eckert number. Therefore, the less dissipative fluids similarly favored the heat transfer. For a more curved surface, a large curvature worked against the heat transfer. At greater volume concentrations the heat transfer rate grew slowly. 
The shear stress and the local rate of heat transfer are very interesting and have attained great significance from an industrial point of view. The radiation parameter, Eckert number, and the curvature parameter all play a significant role in the shear stress and local Nusselt number. Figure 15 describes the heat transfer behavior for Rd, Ec, K and the volume fraction of the nanoparticles. It was noted that the more radiative nanofluids favored the heat transfer. On the other hand, a smaller amount of the heat transfer was noticed for a higher Eckert number. Therefore, the less dissipative fluids similarly favored the heat transfer. For a more curved surface, a large curvature worked against the heat transfer. At greater volume concentrations the heat transfer rate grew slowly. Figure 16 elucidates the shear stress behavior for the mixed convection parameter ( ), magnetic parameter (M), curvature of the surface, and m. For a more convective fluid, the heat transfer increased rapidly at the surface. The magnetic parameter (M) highlighted the reverse behavior of the shear stress. With an increase of the parameter M, the shear stress dropped quickly, and an almost negligible influence of m on the shear stresses was also observed. Significant alterations were pointed out for surface curvature, as the curve was along the circle loop of radius a. Therefore, for a smaller radius, shear stress declined promptly. Increasing the radius of the loop caused the surface curvature to become larger, which favored the shear stress. Figure 16 elucidates the shear stress behavior for the mixed convection parameter (α), magnetic parameter (M), curvature of the surface, and m. For a more convective fluid, the heat transfer increased rapidly at the surface. The magnetic parameter (M) highlighted the reverse behavior of the shear stress. With an increase of the parameter M, the shear stress dropped quickly, and an almost negligible influence of m on the shear stresses was also observed. Significant alterations were pointed out for surface curvature, as the curve was along the circle loop of radius a. Therefore, for a smaller radius, 
Conclusions
The mixed convective laminar flow of water, composed by Al 2 O 3 nanofluids in the presence of Lorentz forces and nonlinear radiative heat flux, was examined over an arc-shaped geometry. To enhance the heat transfer rate, a thermal conductivity model that considered the impact of freezing temperature and molecular diameter was used. It was found that the nanofluid velocity (L (η)) dropped for a stronger magnetic parameter (M), which is very significant from an industrial point of view. Further, the velocity of the nanofluid increased due to the mixed convection and larger curvature of the surface. The temperature N(η) intensified for more dissipative fluid, and an inverse relationship between the temperature and the thermal radiation parameter was found. The dynamic viscosity of the nanofluid increased with the volume fraction, and the diameter of the nanoparticles showed reverse alterations for dynamic viscosity. The nanofluid became denser for a high volume fraction, and the electrical conductivity dropped. It was found that the heat transfer reduced the surface of a smaller curvature and intensified for larger curvatures. A more convective fluid and a larger curvature better opposed the shear stress. Finally, when considering the influence of the freezing temperature and the molecular diameter, the nanofluid flow model is very useful for heat transfer in comparison with existing studies. Funding: This research received no external funding.
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